Recently, it has been proposed that the fundamental scale of quantum gravity can be close to the weak scale if there are large extra dimensions . This proposal has important phenomenological implications for processes at the TeV scale. We study the process γγ → γγ, assuming an ultraviolet cutoff M S ∼ 1 TeV for the effective gravity theory. We find that, at center of mass energies √ s ∼ 1 TeV, the contribution of gravitationally mediated scattering to the cross section is comparable to that coming from the one-loop Feynman diagrams of the Standard Model. We thus conclude that the effects of weak scale quantum gravity can be studied at the Next Linear Collider (NLC), in the photon collider mode. Our results suggest that, for typical proposed NLC energies and luminosities, the range 1 TeV < ∼ M S < ∼ 10 TeV can be probed.
Introduction
The idea of using extra dimensions in describing physical phenomena is a fairly mature one and dates back to the early decades of the twentieth century. During that time, attempts at unifying the theories of electromagnetism and gravitation were made by assuming the existence of an extra spatial dimension [1] . A new application of extra dimensional theories has recently been proposed in Refs. [2, 3] , where it was suggested that the fundamental scale of gravity M F could be as low as the weak scale Λ w ∼ 1 TeV, assuming that there were n large compactified extra dimensions. It was shown in Refs. [2, 3] that gravitational data allow n ≥ 2. This proposal has significant phenomenological implications for collider experiments at the scale Λ w , where Weak Scale Quantum Gravity (WSQG) effects are assumed to become strong. Lately, a great deal of effort has been made to constrain the proposal for WSQG [4, 5, 12] .
In the case of n = 2, the most stringent constraints come from astrophysical and cosmological observations [3] , and it is argued that M F > ∼ 100 TeV [5] . However, terrestrial experimental data have constrained WSQG to have M F > ∼ 1 TeV, and in the case of n ≥ 3, there is no evidence of a more severe constraint.
In this paper, we show that the process γγ → γγ at energies of order 1 TeV can be used to constrain WSQG over a large range in the TeV region. This process can be studied at a proposed Next Linear Collider (NLC) [6] , where high energy Compton backward scattered photon beams with energies of order 1 TeV and luminosities of order 100 fb −1 per year can be produced. The process γγ → γγ has the advantage that it receives contributions from the Standard Model (SM) only at the loop level and, therefore, could in principle be sensitive to new physics at the tree level. We will show that this process provides a good test of WSQG in the TeV regime.
The rest of this paper will be organized as follows. In section 2, we present the basic ideas of WSQG in theories with large extra dimensions. An estimate of the expected size of the gravity contribution to the photon scattering process at weak scale energies will also be given in this section. We conclude that the effect is strong, but the SM contribution could be comparable and must be included. Section 3 contains the SM and the gravity amplitudes used in our calculations. This section also includes our discussion of the approximations that have been made in writing down the various amplitudes, and the conditions of their validity. In section 4, we discuss the method used in computing the predicted cross sections for γγ → γγ at the NLC, in the photon collider mode. The results of our computations for cross sections and the NLC reach for the effective scale of WSQG are presented in section 5. Finally, section 6 contains our concluding remarks.
WSQG and Its Contribution to γγ → γγ
In this work, we assume the fundamental scale of gravity M F > ∼ 1 TeV and that there are n ≥ 2 compact extra dimension of size R, even though there are astrophysical and cosmological considerations that suggest M F > ∼ 100 TeV for n = 2 [5] . With these assumptions, Gauss' law yields the relation [2, 3] 
where M P ∼ 10 19 GeV is the Planck mass. The exact relation among M P , M F , and R depends on the convention and the compactification manifold used. However, for order of magnitude estimates, relation (1) suffices.
Given the above assumptions, we expect gravitationally mediated processes at TeV energies to be important. To estimate the size of the WSQG effect in γγ → γγ, we take M F ∼ 1 TeV, and the center of mass energy √ s γγ ∼ 1 TeV. The gravity
The Amplitudes
We consider the process γ(k 1 )γ(k 2 ) → γ(p 1 )γ(p 2 ), where k 1 and k 2 are the initial and p 1 and p 2 are the final 4-momenta of the photons. We define s ≡ (k 1 + k 2 ) 2 , t ≡ (k 1 − p 1 ) 2 , and u ≡ (k 1 − p 2 ) 2 . Each photon can have either + or − helicity. In what follows, we denote a helicity amplitude by M ijkl , where i, j, k, l = ±, and (i, j) are the helicities of the (k 1 , k 2 ) photons, and (k, l) are the helicities of the (p 1 , p 2 ) photons.
The 1-loop helicity amplitudes of the SM are in general complicated. However, in the limit s, |t|, |u| ≫ m 2 , where m is the mass of a W boson, a quark, or a charged lepton, these amplitudes can be approximated by those parts of them that receive logarithmic enhancements [8] . Except for the contribution of the top quark loop which does not affect our results significantly [8] , these leading amplitudes provide a good approximation at the energies of interest to us, namely those of the NLC. We will discuss the necessary cuts and the regime of validity of these amplitudes, in the next section.
The process γγ → γγ has many symmetries that reduce the number of independent helicity amplitudes. It can be shown [8] that only three helicity amplitudes, out of 16, are independent, and they are M ++++ (s, t, u), M +++− (s, t, u), and M ++−− (s, t, u).
In the high energy limit that we are considering, of these three amplitudes, the only logarithmically enhanced one is M ++++ (s, t, u), for both the fermion and the W loops [8] . For the W loop amplitude we have [8] M (W )
where α ≈ 1/128 and m W is the mass of the W boson; m W = 80 GeV.
For the fermion loops, we have
where Q f is the fermion charge in units of the positron charge, and m f is the mass of the fermion in the loop. In our approximation, there are only two more leading helicity amplitudes that will enter our computations. These are
and
The gravity amplitudes are all at the tree level, and they are
where ε µ (p) denotes the polarization vector of a photon with 4-momentum p, and the function D(x) is given by [9] D
the expressions for B µν,λσ (k), C µν,λσ , and D µν,λσ (k, p) are given in the appendix.
Here, we would like to make a few comments regarding the amplitudes (8), (9), and (10). First, we note that the expressions for D(x) depend on the cutoff scale M S ≫ s, |t|, |u|, introduced to regulate the divergent sum over the infinite tower of Kaluza-Klein states. This dependence is a result of our implicit assumption that
resulting in a suppression [10] .
Secondly, it should be kept in mind that the amplitudes (8), (9), and (10) are derived from an effective Lagrangian [9] with the lowest dimension operators that describe the coupling of the Kaluza-Klein gravitons to various fields, in our case, the photon field. In this effective description of quantum gravity, we need to introduce a cutoff M S < ∼ M F , in order to get finite results. As with any effective Lagrangian, there are terms of higher dimension that should in principle be included in the Lagrangian.
The term λ(F µν F µν ) 2 /M 4 S , where λ is an unknown coefficient, is one such term that contributes at the same order in powers of 1/M S to our calculations. The coefficient λ cannot be calculated, unless the fundamental theory of gravity at scale M F is known.
In principle, the size of the contribution from this term can be larger than the one calculated in this paper, and may even have the opposite sign. However, since λ is unknown, we have chosen to consider only the lowest dimension local terms in the Lagrangian, and simply add the contributions from Eqs. (8), (9) , and (10) to those obtained from Eqs. (4) and (5). This is a reasonable choice, as long as one is only interested in an order of magnitude estimate of the effects.
The NLC as a Photon Collider
We mentioned before that high energy and luminosity γ beams can be achieved at the NLC. The basic proposed mechanism uses backward Compton scattering of laser photons from the high energy e + e − beams at the NLC [11] . The γ beams that are obtained in this way have distributions in energy and helicity that are functions of the γ energy and the initial polarizations of the electron beams and the laser beams. Laser beam polarization P l can be achieved close to 100%, however, electron beam polarization P e is at the 90% level. We take |P l | = 1 and |P e | = 0.9 for our calculations.
Let E e be the electron beam energy, and E γ be the scattered γ energy in the laboratory frame. The fraction of the beam energy taken away by the photon is then
We take the laser photons to have energy E l . Then, the maximum value of x is given by
where z = 4E e E l /m 2 e , and m e is the electron mass. One cannot increase x max simply by increasing E l , since this makes the process less efficient because of e + e − pair production through the interactions of the laser photons and the backward scattered γ beam. The optimal value for z is given by
The photon number density f (x, P e , P l ) and average helicity ξ 2 (x, P e , P l ) are functions of x, P e , P l , and z, however, we always set z = z OP T in our calculations. We give the expressions for these two functions in the appendix.
Let M ijkl be a helicity amplitude for γγ → γγ. We define
where the summation is over the final state helicities of the photons. Then, for various choices of the pairs (P e 1 , P l 1 ) and (P e 2 , P l 2 ) of the the two beams, the differential cross section dσ/dΩ is given by
where x 1 and x 2 are the energy fractions for the two beams, given by Eq. (13), and s ee = 4E 2 e . Different choices of (P e 1 , P l 1 ) and (P e 2 , P l 2 ) in (f (x 1 ), ξ 2 (x 1 )) and (f (x 2 ), ξ 2 (x 2 )), respectively, yield different polarization cross sections.
We note that the expression for |M ++ | 2 and |M +− | 2 are actually functions of the γγ center of mass energy squaredŝ = x 1 x 2 s, and the center of mass scattering angle θ cm . We also havet = x 1 x 2 t andû = x 1 x 2 u. In the previous section, we introduced the logarithmically enhanced SM amplitudes, valid when s, |t|, |u| ≫ m 2 W . However, we see that to have a good approximation, we must demandŝ, |t|, |û| ≫ m 2 W . To avoid restricting the phase space too much, and in order to have a good approximation to the SM amplitudes, we will make the following cuts
where x 1max and x 2max are given by Eq. (14); x 1max = x 2max . These cuts ensure that the integrations are always performed in a region whereŝ, |t|, |û| > m 2 W .
Results
In this section, we present our numerical results for the expected size of the WSQG effects at TeV energies. In Fig. (1) , we present the γγ → γγ cross sections for SM + WSQG and SM, assuming a mono-energetic beam of photons. For the gravity contribution, we have chosen M S = 3 TeV, and n = 6. The curves in Fig. (1) are obtained for photons with ++ and +− initial helicities. At the NLC, the γ beams will have a distribution in photon energies and helicities, and these cross sections will not be observed. However, the cross sections presented in Fig. (1) show the relative size of the contribution of each initial helicity state to the predicted cross section at the NLC, as obtained from Eq. (18).
The six SM + WSQG cross sections, for M S = 3 TeV and n = 6, in Fig. (2) , correspond to six independent choices for the polarizations (P e 1 , P l 1 , P e 2 , P l 2 ) of the electron and the laser beams at the NLC, in the photon collider mode. These cross sections are plotted versus the center of mass energy of the beam, √ s ee . The curves in this figure show a sensitive dependence on the choices of the polarizations for √ s ee > ∼ 1 TeV, with the (−, +, +, −) polarization giving the largest cross section at high energies. In Fig. (3) , choosing M S = 3 TeV and n = 2, 6, we compare the SM + WSQG cross sections with that of the SM in the typical proposed NLC center of mass energy range √ s ee ∈ [500, 1500] GeV. We have chosen the (−, +, +, −) polarization for all three curves, since this choice yields the largest gravity cross section, as shown in Fig. (2) .
The SM and SM + WSQG differential cross sections dσ/d(cos θ cm ), at √ s ee = 500
GeV, are compared in Fig. (4) . Again, we have M S = 3 TeV. For the n = 2 case, we have chosen the (−, +, +, −) polarization, and the n = 6 result is given for the (+, −, +, −) polarization. For each n, we have picked the polarization that results in the largest difference between the SM and the SM + WSQG integrated cross sections at √ s ee = 500 GeV. The endpoint behavior of the differential cross sections are caused by our choice for the cuts, given in Eqs. (19) . At this center of mass energy, and given our cuts, the n = 6 result does not offer a distinctive signal for WSQG. For n = 2, we see that the differential cross section for SM + WSQG, in the region where cos θ cm ≈ 0, is larger than that for SM by about a factor of 6.
Next, we present our results for the typical M S reach of the NLC, at various stages.
The stages at which √ s ee = 500 GeV, √ s ee = 1000 GeV, and √ s ee = 1500 GeV are denoted by NLC0.5, NLC1.0, and NLC1.5, respectively. Throughout, we assume that the luminosity L = 100 fb −1 per year. We use the χ 2 (M S ) variable, given by
where σ SM and σ(M S ) refer to the cross sections for the SM and SM + WSQG, respectively. We have chosen the (−, +, +, −) polarization for computing σ(M S ), since this choice gives the largest high energy SM + WSQG cross sections. To establish the reach in each case, we require a one-sided 95% confidence level, corresponding to
The plots in Figs. (5) , (6) , and (7) show the 95% confidence level experimental reach for M S at NLC0.5, NLC1.0, and NLC1.5, respectively. As one can see from these figures, the largest reach at each stage is for n = 2. This is because of the logarithmic enhancement of the WSQG amplitude for n = 2, as given by Eqs. (11) .
The lowest reach in M S is about 2 TeV for n = 6 at NLC0.5 and the largest M S reach is about 10 TeV for n = 2 at NLC1.5. Note that these values are obtained for L = 100 fb −1 per year, and by increasing L, the reach in M S will be improved.
Concluding Remarks
The process γγ → γγ at TeV energies is an important test channel for WSQG theories, since the tree level gravity contribution to the process in these theories is expected to be significant, whereas the SM contributes only at the loop level. In this paper, we have used the high energy limit SM helicity amplitudes and the gravity amplitudes from the lowest dimension WSQG effective Lagrangian to compute scattering cross sections. The SM + WSQG cross sections can significantly differ from those of the SM alone.
We have shown that the NLC in the photon collider mode can be effectively used to constrain theories of quantum gravity at the weak scale. The size of the expected effect shows a strong dependence on the choice of initial electron and laser polarizations.
Our computations suggest that studying γγ → γγ at the NLC, operating at √ s ee ∈ as a function of M S for the cases n = 2 and n = 6, respectively. The dot-dashed line marks the reach at the 95% confidence level.
